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Abstract 



Let cp be a rank r Drinfeld F 9 [T]-module determined by ip T (X) = TX + giX q 
(-h ■ ■ ■ ■ + g r -iX q + X q , where g±, . . . , g, — i are algebraically independent over ¥ q (T). Let 

N S F g [r] be a polynomial, and £;/F 9 an algebraic extension. We show that the Galois 
group of tpif(X) over k(T,gi, . . . ,g r -i) is isomorphic to GL r (¥ q [T] /N¥ q [T] ) , settling a 
conjecture of Abhyankar. 



! 1 Introduction 

Let F q be the finite field of q elements, k/¥ q an algebraic extension and let T, g%, g%, . . . , g r -\ 
\ be algebraically independent over ¥ q , for some r > 2. Let A := F q [T] be the polynomial ring 

^ ■ over F q , F := k(T) the rational function field over k and K := k(T,gi, . . . ,g, r _i). 

. Consider the Drinfeld ^4-module <p of rank r defined over K by 

CO 

<pr(X) = TX + gi X« + ■■■ + g r -xXi' _± + 



See Chap. 4] for a background on Drinfeld modules. For any iV = aQ+a±T+- ■ -+a n T n £ A, 
rN ■ the polynomial Lp^{X) € K [X] is constructed by iterating ipx as follows: 



<Pn{X) = a + anp T (X) + a 2 (ifT ° fr){X) H 1- a n (</? T ° • • • ° wt){X). 

V v ' 

n times 

Denote by Kn the splitting field of </?at(X) over K. Equivalently, Kjq is obtained by adjoining 
the elements of the iV-torsion module tp[N] of cp to K. Since <p[N] = (A/NA) r as ^-modules, 
and Gal(if n/K) commutes with the ^-module structure, we see that G&l(Kpf/K) GL r (A/NA) 
(the embedding depends on a choice of basis of y>[iV]). 
The goal of this note is to prove the following. 

Theorem 1 G&\{K N /K) ^ GL r (A/NA). 

This is S.S. Abhyankar's "Generalized Iteration Conjecture", see [IJ §19]. It is also the 
Drinfeld module analogue of the following theorem of Weber, see [U Cor. 1, p68]. Let E 
be an elliptic curve with transcendental j-invariant j, defined over Q(j), and n > 1, then 
Gel(Q(j,E[n])/q(j)) 9* GL 2 (Z/nZ). 

When N = T, Theorem [1] can be traced back to E.H. Moore [9]: 
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Theorem 2 (Moore) G8l{K T /K) ^ GL r {A/TA) = GL r (F 9 ). 

Proof. See (2} §3] for a particularly simple proof. □ 

A number of other special cases of Theorem [T] are known, for example the case r = 1 
is due to Carlitz [3], the case r = 2 is closely related to a result of Joshi [TJ, and the case 
N = T n with r > 1 arbitrary was proved independently by Thiery [12] and by Abhyankar 
and Sundaram [2J. Theorem [T] has also been proved under a variety of hypotheses on N £ A 
by Abhyankar and his students, see [U §19] and the references therein. 

2 Relative Galois groups 

Let N, M e A and define 

G(MN, M) := {g G GL r (A/MNA) 
= ker ( GL r (A/MNA) 

Our approach will be to show the following. 

Theorem 3 Gal(K M N/K M ) = G(MN, M). 

Clearly, Theorem [3] follows from Theorem [IJ Conversely, we show that Theorem [1] follows 

Suppose that Gal(K NT /K T ) G(NT, T). Con- 
sider the field extensions in the diagram. We 
have Gal(K T /K) 9* GL r (A/T A) by Theorem [2j 
thus [K NT : K] = #G(NT,T) ■ #GL r (A/TA) = 
#GL r (A/NTA) and it follows that Ga\(K NT /K) ^ 
GL r (A/ NT A). Now from the action of Ga\(K NT /K) 
on <p[N] we see that Ga\{K NT /K N ) ^ G(NT, N) and 
finally Gal^Ar/K) ^ GL r (A/A^T^4)/G(A r T, TV) ^ 
GL r (A/iVA). 

□ 

3 Drinfeld moduli schemes 

The key point is to recognize the groups G{MN, M) as the Galois groups of etale morphisms 
between Drinfeld moduli schemes, so we introduce these next. A useful reference is the careful 
article of Hubschmid [6] . 

Let N £ A be non-constant, and consider the functor J 7 ^ : F— Schemes — ) Sets, which 
maps an i^-scheme S to the set of isomorphism classes of rank r Drinfeld ^4-modules with 
level- N structure over S. Then is representable by a non-singular affine scheme over 
Spec(-F), called a Drinfeld moduli scheme; see [6j §2] for details. 

Theorem 4 (Drinfeld) Let M, N £ A be non-constant. Then the natural projection M r MN — > 
M T M is an etale Galois cover over F with group G(MN, M). 



g = 1 mod M} 
— > GL r (A/MA)) . 



if Theorem [3] holds for M = T. 
Proof of Theorem [H 

Knt 

g(nt,t) / \g(nt,n) 



K T 



K N 



GL r (A/T Ay 



K 
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Proof. The ideas are due to Drinfeld [I], see [6j Prop. 3.1.3] for a detailed proof. □ 
Next, we need the following result. 

Theorem 5 Let N G A be non-constant. Then is irreducible as a scheme overSpec(F). 

Proof. This is |J>1 Cor. 3.4.5] in the case where k = ¥ q . In our situation, the same proof 
still works, namely there exists a morphism Mj^ — > Mjy defined over F by [6l Cor. 3.4.4], 
whose geometric fibres are precisely the geometrically irreducible components of ML by [6j 
Prop. 3.4.2]. It remains to check that Mjy is irreducible. For this we recall [31 Thm 1] that 
= Spec(-R]y <S>a F) where is the integral closure of A in a certain class field over 
¥ q (T) which splits completely above the place of F 9 (T) with uniformizer A. As a result, this 
class field is a purely geometric extension of F q (T), whereas F is a constant field extension of 
¥ q (T), and so R^ <S>a F is a field, and Mjy is irreducible. □ 



4 The case N = T 

When N = T, the moduli scheme M T has a nice explicit description, due to Pink [10|. 111] , 
since a Drinfeld A-module is uniquely determined by its level-T structure. 

Let V = ¥ r , Sy = F[v \veV] the symmetric algebra of V over F, and Ry = F[v, ^ | v G 
V \ {0}] the localization of Sy at n^eVxjo} v - We turn Ry into a graded ring by defining 
deg(i>) = 1 and deg(^) = —1 for all v G V % {0}, and deg(x) = for all ^ x G F. Let Ry,o 
denote the degree component of Ry, then from |10] §7] we obtain the following result. 

Theorem 6 (Pink) M T = Spec(ifyo)- 

Moreover, the Drinfeld module ip endowed with a level-T structure A : V — > tp[T] defines 
a .fTr-valued point of M T , denoted t\t '■ Spec(Kx) — > M T , corresponding to 

rjL : itV — ► Kt, induced by — i — > , Vvi,«2 G Vn {0}. 

t> 2 A(u 2 J 

Since rj T is injective, ??t maps onto the generic point of M T . 

By Theorem Mj^ T is irreducible, hence has a unique generic point. Now <p endowed 
with a level- NT structure defines a -fC^ry-valued point t]mt of M^- T , which lies above rjr, and 
hence also maps onto the generic point of M r NT . 

Denote by Kt,o C Kt the quotient field of the image of r] T , then Kt = Kt,q(X(v)) for 
any ^ v G V, so i^r is a purely transcendental extension of Kt$- Similarly, we denote 
by Knt,o C l£jVT the quotient field of the image of rf NT . It follows from Theorem [3J that 
G&1(Knt,o/ Kt,o) — G(NT,T). Therefore, the compositum Knt,o ' Kt in Knt is Galois over 
K T with group' G(NT, T), so [Ktvt : K T ) > #G(NT,T). Since Gal(K NT /K T ) ^ G(NT, T) 
it follows that Gal{K nt/Kt) — G(NT,T). This proves Theorem [3] for the case M = T, and 
so Theorem [T] follows. □ 
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